Abstract. We identify minimal cases in which a power m i = 0 of the maximal ideal of a local ring R is not Golod, i.e. the quotient ring R/m i is not Golod. Complementary to a 2014 result by Rossi and Şega, we prove that for a generic artinian Gorenstein local ring with m 4 = 0 = m 3 , the quotient R/m 3 is not Golod. This is provided that m is minimally generated by at least 3 elements. Indeed, we show that if m is 2-generated, then every power m i = 0 is Golod.
Introduction
In this paper a local ring is a commutative noetherian ring R with unique maximal ideal m. Such a ring is called Golod if the ranks of the modules in the minimal free resolution of the residue field R/m attain the upper bound established by Serre; the precise definition is recalled in Section 3.
The field R/m is trivially Golod, and so is the quotient ring R/m 2 ; see for example Avramov's exposition [3, prop. 5.2.4] . Moreover, if R is a regular local ring, then the quotient R/m i is Golod for every i 1. Rossi and Şega [20] prove that for a generic artinian Gorenstein local ring (R, m) with m 4 = 0, every proper quotient R/m i is Golod. In this note we provide minimal examples of local rings with proper quotients R/m i that are not Golod. They come out of an investigation of the complementary case to above mentioned result from [20] . The following extract from Theorem (4.2) points to a whole family of local rings with m 4 = 0 and R/m 3 not Golod. In fact, this is the behavior of generic graded Gorenstein local k-algebras of socle degree 3.
(1.1) Theorem. Let k be a field; set Q = k[[x, y, z]] and n = (x, y, z). Let I ⊆ n 2 be a homogeneous Gorenstein ideal in Q with n 4 ⊆ I ⊇ n 3 and set (R, m) = (Q/I, n/I). The following conditions are equivalent.
(i) I is generated by quadratic forms.
(ii) R is Koszul, i.e. the minimal free resolution of k over R is linear. To discuss in which sense these rings are generic and constitute minimal examples of local rings (R, m) with proper quotients R/m i that are not Golod, we start to introduce the terminology that will be used throughout the paper. * * * Let (R, m) be a local ring with the residue field k = R/m.
(1.2) As remarked above, the quotient rings R/m and R/m 2 are both Golod. Thus, for a proper quotient R/m i to be not Golod, one must have i 3.
(1.3) For an ideal I ⊆ R we denote by µ(I) its minimal number of generators. The number µ(m) is the embedding dimension of R. It is known that every local ring of embedding dimension 1 is Golod; see (1.4) . Further, we prove in Theorem (2.2) that if R has embedding dimension 2, then every proper quotient R/m i is Golod. Thus, for a proper quotient R/m i to be not Golod, the embedding dimension of R must be at least 3.
(1.4) The embedding dimension e and the Krull dimension d of R satisfy e d, with equality if and only if R is regular. The difference e − d is called the codimension of R. If R has codimension at most 1, then R is Golod, see [3, prop. 5.2.5], and R/m i is known to be Golod for every i 1 by work of Şega [22, prop. 6.10] . Thus, for a proper quotient R/m i to be not Golod, the codimension of R must be at least 2.
We exhibit in Example (2.4) a complete intersection local ring (R, m) of embedding dimension 3 and codimension 2 with R/m i not Golod for all i 3. Thus, among local rings (R, m) with the property that a proper quotient R/m i is not Golod, this ring is minimal with regard to codimension. It has dimension 1; a 0-dimensional, i.e. artinian, local ring with the property must have codimension at least 3.
(1.5) Let (R, m) be artinian. The integer s with m s+1 = 0 = m s is called the socle degree of R. The type of R is the dimension of the socle as a vector space over the residue field; i.e. type R = dim k (0 : m).
In view of (1.2), the ring R must have socle degree at least 3 for a proper quotient R/m i to be not Golod.
It follows that among local rings (R, m) with a proper quotient R/m i that is not Golod, the rings in Theorem (1.1) are minimal with regard to dimension and embedding dimension, and then with regard to socle degree and type.
(1.6) An element a = 0 in a commutative ring R is called an exact zero divisor if the annihilator (0 : a) is a principal ideal. Exact zero divisors in artinian Gorenstein local rings of socle degree 3 were studied in depth by Henriques and Şega in [6] .
A generic artinian Gorenstein local graded k-algebra of socle degree 3 has an exact zero divisor; this follows from work of Conca, Rossi, and Valla [12] ; see [6, rmk. 4.3] 1 . In particular, generic Gorenstein algebras of embedding dimension 3 and socle degree 3 satisfy the conditions in Theorem (1.1). We provide examples of Gorenstein algebras of socle degree 3 without exact zero divisors in (3.4) and (4.3). 1 The notion of generic that is used in [12] and [6] is, at least formally, different from the one used in [20] . However, Theorem (4.2) and thereby Theorem (1.1) apply to rings that are generic in either sense; see also the discussion after (3.2).
Embedding dimension 2
We prove that all proper quotients R/m i are Golod for any local ring (R, m) of embedding dimension 2. To frame this result we exhibit a local ring of embedding dimension 3 and codimension 2 such that R/m i is not Golod for i 3.
(2.1) Let (R, m) be a local ring. The valuation of an ideal J ⊂ R is the largest integer i with J ⊆ m i ; it is written v R (J). For an element x ∈ R one sets v R (x) = v R ((x)).
In [21] Scheja shows that a local ring of embedding dimension 2 is either complete intersection or Golod; see also [3, prop. (5.3.4) ]. The gist of the next result is that such a complete intersection cannot arise as a proper quotient by a power of the maximal ideal. Proof. Let ( R, m) be the m-adic completion of R. One has R/m i ∼ = R/ m i , so we may assume that R is complete. By Cohen's Structure Theorem there is a regular local ring (Q, n) of embedding dimension 2 and an ideal J ⊆ n 2 with R ∼ = Q/J. Thus, one has R/m i ∼ = Q/(J + n i ), and m i = 0 if and only if n i ⊆ J. Per (1.2) we may assume that one has i 3. To prove that R/m i is Golod, it suffices to argue that it is not complete intersection. Thus, we now argue that if n i ⊆ J, then J + n i cannot be generated by two elements. For every i the ideal n i is minimally generated by i + 1 elements. In particular, if J ⊆ n i , then J + n i cannot be generated by 2 elements. We now assume that J is not contained in n i ; setting t = v Q (J) this means t + 1 i. Write
where v Q (f 1 ) = t, and assume towards a contradiction that J + n i is generated by 2 elements. As n(J + n i ) ⊆ n t+1 and f 1 ∈ n t \ n t+1 we may assume that J + n i is minimally generated by f 1 and some element g. One has f n = af 1 + bg for a, b ∈ Q, and b is not a unit as g ∈ J. Now write
a j f j + h with h ∈ n i ; without loss of generality we may assume a 1 = 0. Now one has
whence f n (1 − a n b) belongs to (f 1 , . . . , f n−1 ) + n i . As 1 − a n b is a unit, this yields
By recursion, one gets J + n i = (f 1 ) + n i , and it follows from Lemma (2.3) that J + n i cannot be generated by 2 elements; a contradiction.
Proof. If f ∈ n i , then the statement is clear as one has µ(n i ) = i + 1 3; thus we may assume that f ∈ n i . Assume towards a contradiction that (f ) + n i is minimally generated by two elements. Set t = v Q (f ); as one has n((f ) + n i ) ⊆ n t+1 and f ∈ n t \ n t+1 we may assume that (f ) + n i is minimally generated by f and some element g of valuation i. Let x and y be minimal generators of n and write
j=0 a j b j f , which contradicts the assumption that f and g minimally generate (f ) + n i . Thus, c j is a unit for some j, whence (f ) + n i is minimally generated by f and x i−j y j . By symmetry in x and y we may assume that j 1. Write
First consider the case j = i and recall that i 2. Notice that f ∈ (y) would
, which is absurd, so f is not divisible by y. Since Q is a domain and (y) is a prime ideal, it follows that a is divisible by y j−1 . Writing a = a ′ y j−1 one now has a ′ f = x − by, which is absurd as f ∈ n 2 and x, y minimally generate n.
Finally consider the case j < i. Notice as above that f is not divisible by x nor by y. Therefore, one has a = a ′ x i−j y j−1 and a ′ f = x − by, which again contradicts the assumption that x and y minimally generate n.
Apart from showing that quotients R/m
i of a codimension 2 local ring may not be Golod, the next example shows that there are artinian local rings of embedding dimension 3 and any socle degree s 3 with R/m i not Golod for 3 i s.
(2.4) Example. Let k be a field and consider the codimension 2 complete inter-
. For i 3 it is elementary to verify that the quotient ring
is not Golod. Indeed, the Koszul complex K on the generators x, y, z of m is the exterior algebra of the free module with basis ε x , ε y , ε z . The element xy(ε x ∧ ε y ) in K 2 is the product of the cycles xε x , yε y ∈ K 1 , and it is not a boundary as one has
and xy ∈ (z). Thus there is a non-trivial product in Koszul homology, which by Golod's original work [13] means that R/m i is not Golod. Notice that for s 3 the artinian local ring (Ṙ,ṁ) = (R/m s+1 , m/m s+1 ) haṡ R/ṁ i = R/m i not Golod for 3 i s.
Artinian Gorenstein rings
Let (R, m, k) be a local ring, i.e. k is the residue field R/m. For a finitely generated R-module M , the power series P
Betti numbers of M ; they record the ranks of the free modules in the minimal free resolution of M over R. In particular, R is Golod if and only if one has
where e and d are the embedding dimension and depth of R, and K R is the Koszul complex on a minimal set of generators of m; see [3, (5 
It is standard to refer to P 
The special case of a complete intersection was first done by Gulliksen [15, thm. 1]:
is an artinian complete intersection local ring of embedding dimension at least 3 and socle degree s, then R/m s is not a Golod ring.
Proof. Let e be the embedding dimension of R. By (3.0.3) one has
notice that the denominator has degree 2e since e 3. If R/m s were Golod, then by (3.0.1) the Poincaré series would have the form (1+z) e /d(z) where the denominator d(z) has degree e + 1 < 2e. Thus, R/m s is not a Golod ring.
(3.2) Let (R, m, k) be artinian of embedding dimension e and socle degree s. By Cohen's Structure Theorem there is a regular local ring (Q, n) and an ideal I with n s+1 ⊆ I ⊆ n 2 such that Q/I ∼ = R. This is called the minimal Cohen presentation of R; notice in particular that Q also has embedding dimension e.
Denote by h R (i) and H R (z) the Hilbert function and Hilbert series of R; i.e.
One says that R is Koszul if the associated graded k-algebra
is Koszul in the traditional sense that k has a linear resolution; see the discussion in [6, 1.10] . If R is Koszul, then one has P R k (z) H R (−z) = 1. If R is Gorenstein, then for every i 0 there is an inequality
If equality holds for every i, then R is called compressed, see [20, sec. 4] . 
.
Note
Since P Q R (z) is a polynomial of degree e, the denominator above is a polynomial of degree e + 2. Thus R/m 3 is not Golod.
To frame Propositions (3.1) and (3.3) we show how to produce a compressed artinian Gorenstein local ring (T, t) of socle degree 3 such that T /t 3 is not Golod, though T is not complete intersection and does not have an exact zero divisor. See also Remark (5.3). Proof. From [10, thm. A] it is known that the Hilbert series of R is 1+ez+(e−1)z 2 . As a graded k-vector space T has the form R ⊕ Σ Hom k (R, k), so one has
Recall that E = Hom k (R, k) is the injective envelope of k over R. As a local ring, T is the trivial extension of R by E, so by [15, lem. in sec. 3] it is Gorenstein, and evidently it is compressed; cf. (3.2). In the sequel, let Q/I be a minimal Cohen presentation of T .
(a): If T were complete intersection, then I would be generated by 2e − 1 elements, but that is not possible as one has
(b): Assume towards a contradiction that (x, α) is an exact zero divisor in T with annihilator generated by (y, β). The element (y, β) is also an exact zero divisor, called the complementary divisor; see [6, rmk. 1.1]. It follows from [6, prop. 4.1] that (x, α) and (y, β) belong to t\t 2 . Hence x and y belong to m\m 2 and, evidently, one has xy = 0. Any element in m 2 ⋉ 0 annihilates (x, α) and is hence contained in the ideal generated by (y, β). In particular, one has m 2 = ym and by symmetry m 2 = xm. Now it follows from [9, lem. 4.3(c)] that x and y are exact zero-divisors in R, a contradiction.
(c) We argue that T /t 3 is not Golod by comparing two expressions for the Poincaré series of T . By a computation of Gulliksen [15, thm. 2] one has
The standard isomorphisms Tor
Finally, a direct computation yields
notice that the denominator has degree 2e + 2. On the other hand, the regular ring Q has embedding dimension 2e − 1; in particular, P Q T (z) is a polynomial of degree 2e − 1. As in the proof of Proposition (3.3) above, it follows from [20, prop. 6.2] that the ring T /t 3 is Golod if and only if P 
Embedding dimension 3 and socle degree 3
Let (R, m, k) be a local ring of embedding dimension 3, let K R be the Koszul complex on a minimal set of generators of m, and set A = H(K R ). The Koszul complex is a differential graded algebra, and the product on K R induces a gradedcommutative k-algebra structure on A. As one has A 4 = 0 it follows from Golod's original work [13] that R is Golod if and only if A has trivial multiplication, i.e. A 1 · A 1 = 0. Moreover, it is known from work of Assmus [1, thm. 2.7] that R is complete intersection if and only if A is isomorphic to the exterior algebra on A 1 .
There is a complete classification, due to Weyman [23] and Avramov et al. [4, 5] , of artinian local rings of embedding dimension 3-even more generally of local rings of codepth 3-based on multiplication in Koszul homology. For the precise statement of our main theorem, we need to recall one more class from this scheme: It is called T, and if R belongs to this class one has A 1 · A 1 = 0 = A 1 · A 2 ; in particular R is neither Golod nor complete intersection. (i) R is complete intersection.
(ii) R is compressed and Koszul.
(iii) R has an exact zero divisor.
(iv ) R/m 3 belongs to the class T.
To see that Theorem (1.1) follows from this statement, recall that a standard graded Koszul algebra is quadratic. Further, being Gorenstein, the ring Q/I has a symmetric Hilbert series, i.e. it is 1 + 3z + 3z 2 + z 3 . Thus, if I is quadratic, then it is minimally generated by 3 elements, which necessarily form a regular sequence. 
and, again by loc. cit., that identifies S as being Golod.
(i) =⇒ (iii): It follows from (3.2) that R has length at most 1 + 3 + 3 + 1 = 8 with equality if and only if R compressed. On the other hand, the length of R is at least − − → m 2 /m 3 . That is, one has ℓℓ ′′ ∈ m 3 i.e. ℓℓ ′′ = ℓu for some u ∈ m 2 . The elements ℓ, ℓ ′ , and ℓ ′′ lift to elements in n \ n 2 , and u lifts to an element in n 2 ; we denote these lifts by the same symbols. In Q one now has ℓℓ ′ ∈ I and ℓ(ℓ ′′ − u) ∈ I. Let f, g, h ∈ n 2 be a regular sequence that generates I and write
with coefficients a ′ , . . . , c ′′ in Q. As the associated graded ring of Q is a domain, one has v Q (ℓℓ
That is, ℓℓ ′ is in n 2 \ n 3 , so we may without loss of generality assume that c ′ is a unit. After cross multiplication by ℓ ′ and ℓ ′′ − u and elimination of ℓℓ The ideal generated by the 4 × 4 Pfaffians of the matrix 
has the form
It is straightforward to verify that a graded basis for R is 1 ; x, y, z ; y 2 , yz, z 2 ; z 3 .
Thus R is a compressed artinian Gorenstein ring of socle degree 3. It is not complete intersection, so by Theorem (4.2) it does not have exact zero-divisors.
Remarks on embedding dimension 4
The proof of the implication (i) ⇒ (iii) in Theorem (4.2) relies on R being compressed, so it seems fitting to record the following remark.
(5.1) Remark. A compressed artinian Gorenstein ring (R, m) of embedding dimension e 4 cannot be complete intersection. Indeed, let Q/I be a minimal Cohen presentation of R and let s denote the socle degree. As R is compressed, the initial degree of I is t = min i {h Q (s−i) < h Q (i)}, and by [20, prop. 4 .2] one has t = ⌈ s+1 2 ⌉. A straightforward computation yields For artinian Gorenstein local rings of embedding dimension 4-and more generally for Gorenstein local rings of codepth 4-there is a classification based on multiplication in Koszul homology. It predates the classification of local rings of codepth 3 and was achieved by Kustin and Miller [18] ; for simplicity we refer here to Avramov's exposition in [2] . In addition to the class of complete intersections, the classification scheme has three classes one of which is called GGO in [2] . Proof. Let k denote the residue field of R. The Poincaré series of R has the form
, where the polynomial d(z) depends on the class of R as proved by Jacobsson, Kustin, and Miller [17] . By (3.0.2) one has where h denotes the minimal number of generators of the defining ideal in a minimal Cohen presentation of R (in [2] this number is called l + 1). Set h j = dim k H j (K R ); as R is Gorenstein one has h 0 = 1 = h 4 , h 1 = h = h 3 and h 2 = 2h − 2. By [19, thm. 1] there is an isomorphism of k-algebras
In particular, one gets (5.3) Remark. Let (R, m, k) be an artinian Gorenstein local ring of embedding dimension 4 and socle degree s. In the terminology of [2] , R is complete intersection or of class GGO, GT, or GH(p); here the parameter p is between 1 and h − 1 where h, as in the proof above, is the rank of H 1 (K R ) or, equivalently, the minimal number of generators of the defining ideal in a minimal Cohen presentation of R.
Examples of rings of class GT and GH are provided in [18, prop. (2.7) and (2.8)]; they are examples of local Gorenstein rings that are not complete intersection and have R/m s not Golod, compare Proposition (3.1). If R has socle degree 3 and R has an exact zero divisor, then [6] defines a k-algebra with basis 1 ; w, x, y, z ; wy, x 2 , xy, xz ; x 2 z ; in particular, it has socle degree 3. Proceeding as in [11] one can use Macaulay 2 [14] to verify that Q/I is a Gorenstein ring of class GT.
